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The purpose of this paper is to examine locally the representation type of twisted 
group rings. It is proved that a twisted group ring over a local field is of finite 
representation type if and only if /G, ( = 3 and G, # G,, or 1 G, 1 < 2, where G, is the 
ith ramification group of the extension, i = 1, 2. 
Let R be a complete discrete valuation ring with maximal ideal P, = n,R, 
quotient field K and finite residue class field R/P,. Let L/K be a finite galois 
extension, with galois group G, and S the valuation ring of L, with maximal 
ideal P = rrS. Denote by A the trivial crossed-product algebra (L/K, 1) = 
0 ,,sG La and A the twisted group ring S 0 G = OoaC Sa. The multiplication 
in A is given by the relation (aa) = aa ur, where a, b E L and 
u, r E G. The algebra A is a central simple K-algebra and A z End,(L) g 
M,(K), where M,(K) is the algebra of n X n-matrices with entries in K and 
n = (L :K) = ] G] [6,29.8]. It is clear that A is an R-order in A. The purpose 
of this paper is to examine the representation type of/i. The main result is 
that A is of finite representation type if and only if ] G, ( = 3 and G, # G,, or 
( G, I < 2, where Gi is the ith ramification group of P in L/K. It is known that 
if 1 G, ) = 1, then A is of finite representation type [ 11. The main result of this 
paper gives a necessary and sufficient condition for A to be of finite 
representation type. 
We shall need a little more notation. K, is the fixed field of G,, R, the 
valuation ring of K,, with maximal ideal 71, R,, and A, the twisted group 
ring S 0 G,. The group G, is a p-group, where p is the characterisic of the 
field R/P,, and the extension L/K, is totally ramified. We shall denote by k 
the isomorphic fields S/nS, R&r, R 1 [7,3-31. 
Throughout this paper we shall use the terminology of [6]. 
We reduce the problem of finding the representation type of A to the same 
problem for the R ,-order A, in A, = (L/K,, 1) by the following result. 
I I f  i = 0, choose basis 1,~ ,..., nPm ‘. 
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PROPOSITION 1. A is of finite representation type if and only if A, is of 
finite representation type. 
Proof. Let n(A) be the number of the non-isomorphic indecomposable A- 
lattices and define n(A i) analogously. If M is a A ,-lattice let M” = A On, M 
be the induced A-lattice. If N is a A-lattice let N,,, be the restriction of N to a 
A ,-lattice. First we prove that if n(AJ < co then n(A) < co. Let N be a A- 
lattice. We exhibit A-homomorphisms q,, w  such that q: (N,,,)” --) N, v/: N+ 
(N,,JA and (o o w= 1,; 
(NJ’. 
thus N 1 (N,,,)*, that is, N is a direct summand of 
It is easy to prove that the following maps satisfy the above conditions: 
cp(A@n)=k and Y(n) = C x, 0 ax;l, 
i=l 
where~EA,nEN,G=Uj=,xiGi,withx,theunitelementofG,andaan 
element in R1 such that Tr,,,, (x = 1; there exists such an element a in R 1 
because the extension KJK is tamely ramified. 
Now since R and R, are complete valuation rings the Krull-Schmidt 
theorem holds for A- and A ,-lattices. Therefore the relation N ) (N,,,)* 
implies that an indecomposable A-lattice N is a A-summand of some MA, 
where M is an indecomposable A ,-lattice. Hence if n(A,) < co, then 
n(A) < co. 
In the other direction for any A ,-lattice M we have M 1 (MA),,,, since 
MA = 1 @*,M@ {X*&,M@ *** @ x, @,,, M}. Therefore if n(A) < co, then 
n(Ai) < co, and the proposition is established. 
Changing notation, we may hereafter assume that L/K has no tame 
ramification (that is, K = K,). We devote the remaining of this article to the 
proof of the following theorem. 
THEOREM 1. Assume L/K has no tame ramification, and let G,, G, be 
the higher ramification groups. Then the twisted group ring A = S 0 G is of 
finite representation type if and only if either ) G, ( = 3 and G, f G,, or 
lG,l < 2. 
For this purpose we shall need several propositions. 
PROPOSITION 2. A is a primary order and 
radA=nS+ c A(o-1). 
USC, 
O#l 
Proof. The ideal 
J=zS+ c A@-1) 
UEG, 
o#l 
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of /i is maximal, because n/J= k, and J’ c z,-/i for some large t. If Z is a 
maximal ideal of /i such that Z f J, then /i = Z + J = Z + J’ = Z for large t. 
Then J is the unique maximal ideal of /1 and J = rad A. Since /i/rad II %’ k, 
A is a primary order and the Proposition follows. 
An S-ideal Z in L is called ambiguous if a(Z) = Z, Vu E G, . An ambiguous 
S-ideal Z in L is a A-lattice under the action 
( 1 
c s,u . x= c s,a(x), x E I, s, E s. 
UEG, 
Two ambiguous S-ideals Z and N in L are A-isomorphic if and only if 
N= Ix for some x E K - {0}, since each v, E Hom,(Z, N) extends to an 
element of Hom,(L, L) and is therefore given by right multiplication by 
some element x E K - {O}. It follows easily that the ambiguous S-ideals in L 
are of the form P’Z, 0 < i ,< pm - 1, where Z ranges over R-ideals in K, and 
(L :K) = pm. Therefore the non-isomorphic (as /i-lattices) ambiguous S- 
ideals in L are {Pi: 0 < i < pm - l}. From [2, 75,6] and [6,21.6] it follows 
that the non-isomorphic irreducible /l-lattices are the (Pi} and the orders 
Zi = End,(P’), 0 < i < pm - 1, are the maximal R-orders in A containing/i. 
Let Z = fi+??; ’ Zi ; then Z is an R-order in A. 
PROPOSITION 3. r is a hereditary R-order in A. 
ProojI We choose’ the R-basis x0, x,x,..., rc,,7ti-I,..., xPmp’ of the Zi- 
lattice Pi, 0 < i < pm - 1. Then the order Zi has the matrix form 
i pm-i 
R %R 
i ! 
-_-__----- 
pm-i 
Tt,‘R R 
and 
which is a hereditary R-order in A [6, 39.141. 
PROPOSITION 4. (a) J, = radZ=7C=Z’x; (b)J=radAiJ,; (c) Jr=J,. 
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ProojI (a) From the matrix form of r in Proposition 3 and [6, 39.141 we 
obtain 
It is easily verified that zr = m. 
(b) From Proposition 2 and the fact that nS cJr, it is enough to 
prove that r~ - 1 E Jr, Vo E G, . Since G, is the first ramification group of 
ZS in L/K, we have o(x) = zu, where u E 1 + nS and u(s) =s mod X’S, 
Vs E S. Let s E S, 0 < i < pm - 1; then for some s’ E S we have 
(u - 1) 7ris = ?rVo(s) - 7ris = n’[u’(s + &‘) - s] 
= n’[s(u’ - 1) + 7?s’] E 7ri+ ‘S. 
Therefore (a - 1) 7cis E zi+‘S, 0 < i Q pm - 1, Vo E G, and SO u - 1 E Jr, 
VUEG,. 
(c) From (a) and (b) we obtain 
AjlrcJcJ,=>r~CJrCJy~JJr=Jr. 
PROPOSITION 5. ,u,,(T/A) = pm - 1, where p,(r/A) is the minimal 
number of generators of the A-module r/A. 
Proof. From Proposition 2(c) of Proposition 4 and [4, p. 581 we obtain 
km = ~u,,,w~~ = h,.w-4 = m(T 
because r/Ik z k tpm) from the matrix form of r. Therefore 
pA(rp) =pu,(r) - i = pm - i 
14, P. 581. 
PROPOSITION 6. 
using the notation of Proposition 5. 
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Proof. Since A is a primary order by Proposition 2, we obtain 
l- r JT+A 
radii= J. li=- 
A ’ 
hence 
‘Pni[ J;+,Jf,]-l=P*,J(;;;) -1 (1) 
[4, p. 581. In order to compute the number ,~,,,~(((i + JT)/(J + J*T)) we use 
the sequence of A/T-modules. 
O-, 
Jr A+Jr A+JQo 
J+J2T -+ J+J*Z-+T * 
Since A/J N k, each module is a k-vector space, and we obtain 
= 1 +pu, 
(J+JrJ4 (2) 
Thus, the problem of the computation of the number pu,(rad(T/A)) is reduced 
to that of ,uu,(Jr/(J + J’r)). Now we use another exact sequence of k-vector 
spaces: 
oj J+J*r Jr Jr 
5*r 
+2--P 
Jr J+J2r 
+ 0. 
From this exact sequence we obtain 
(3) 
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because 
From the relations (l), (2), (3) we obtain 
PROPOSITION 7. If G, is a cyclic group, then 
Proof. From Proposition 2 it follows that if G, = (a) is cyclic then 
/i=S+/i(a-1) and J=xS+A(u- 1). 
Therefore 
and 
J2=z2S+J@- 1) 
J ?rS+A(u- 1) nS@A(o- 1) 7ts o”(-l) N 
F= lr2S+J(u- 1) = n2S@J(u- 1) - X’S J(u-1) ’ 
It is clear that ,~,(nS/n’s) = 1. Moreover, since J(u - 1) is the kernel of the 
epimorphism 
L(u- l)EA(u- l)+A(l)modnSE$=k 
we have 
Hence 
‘@- ‘) %k 
J(u- 1) ’ 
Proof of Theorem 1. From the criterion of Drozd and Kirichenko of the 
representation type of a primary order [3] and Proposition 2,. A is of finite 
representation type if and only if the following conditions hold: 
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(i) Z is a hereditary order; 
(ii) ~~U7-4) < 2; 
(iii) p,,(rad(Z’/A)) < 1. 
By Proposition 3 we need only consider (ii) and (iii). By Propositions 5 and 
6, conditions (ii) and (iii) become: 
(ii)’ p = 2 or p = 3 and m = 1; 
(iii)’ p,(J/(J n J*T)) > pm - 1. 
Hence we must examine for which of the conditions (ii)’ the condition (iii)’ 
is satisfied. It is obvious that J* c Jn J*r c J and by Nakayama’s Lemma 
JnJ’r# J, so 
Therefore for m = 1 and p = 2 the condition (iii)’ is satisfied. It remains to 
examine the case p = 3, m = 1. 
We must distinguish two subcases: the first, in which the second 
ramification group G, of P in L/K coincides with G,, and the second, in 
which G, # G, = { 1) [5, Theorems 3 and 51. 
In the first case, where G, = G, = (a), we shall prove that 
(4) 
Hence the condition (iii)’ is not satisfied and therefore n(A) = co. 
Let Z=n*S@A(a-- 1). Then t(~)/nE 1 +IC*S, VtEG,*(t- l)ziSc 
?Ii+l 
S, O<i<2*t-1E7r2T, VtE G,~Zcn*ZbJnZcJfvr*Z’= 
JnJ*ZT HenceZcJnz2Z’fJ. 
The ideals Z and J can be written as 
Z=7?S@A(u- 1) and J=7rS@A(u- 1). (5) 
Therefore J/Z g nS/n*S E k, which means that Z is a maximal ideal of J. 
From this assertion and the relation (5) we have Z = J n z2Z and the relation 
(4) follows. 
In the second case, in which G, = (a) # G, = { I}, we shall prove that 
p.4 (J;J*r) =2; (6) 
hence the condition (iii)’ is satisfied and therefore n(A) < co. By 
Proposition 7 it suffices to prove that J2 = Jn n2ZI However, J2 c J n 
rt*Zf J, so we have to prove that J n x*r c J*. 
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Let x E Jn rc*r. Then, 
x = 7r.Y + qa - l), sESandkEA 
and 
x(7rr’S) c 7ri+2S, O<i<2. 
Let E be a unit in S, and from the relation (7) we have 
X(E) E 79s 3 ?rS& + qo - l)(E) E 7t2s $ s E rrs, 
(7) 
since (g - 1)t E X’S, Vg E G,, Vt E S. Therefore Vx E Jn n2T, there exists 
t E S such that 
x = 71% + qa - 1). (8) 
Now, since G, # G,, we have (a - l)lr = z*u where u is a unit in S. From 
the relations (7) and (8) if rt2r + A(a - 1) E Jn n2T, then 
(72r t qa - 1))(7r) E n3S =s- 7r3r + q7c2u) E n3S 3 A(72t.4) E ?r3s * 
A4ql) E 7r3s * A(l) E 76 * A E J. Therefore any element of Jn rczT is of 
the form z*r + A(u - l), r E S and A E J. Hence Jn rr*TcJ’ and the 
theorem follows. 
Now Proposition 1 and Theorem 1 imply the following: 
THEOREM 2. A is of finite representation type if and only if (i) ) G, ( < 2 
or (ii)lG,1=3 and G,#G2. 
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